Published by Institute of Physics Publishing for SISSA Received: July 20, 2005 Accepted: August 11, 2005 Published: August 25, 2005

Heat kernel, effective action and anomalies in noncommutative theories

Dmitri V. Vassilevich^∗

Institut für Theoretische Physik, Universität Leipzig D-04109 Leipzig, Germany E-mail: Dmitri.Vassilevich@itp.uni-leipzig.de

Abstract: Being motivated by physical applications (as the ϕ^4 model) we calculate the heat kernel coefficients for generalised laplacians on the Moyal plane containing both left and right multiplications. We found both star-local and star-nonlocal terms. By using these results we calculate the large mass and strong noncommutativity expansion of the effective action and of the vacuum energy. We also study the axial anomaly in the models with gauge fields acting on fermions from the left and from the right.

Keywords: Anomalies in Field and String Theories, Non-Commutative Geometry.

∗ Also at V.A. Fock Institute of Physics, St.Petersburg University, Russia

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep082005085.pdf /jhep082005085.pdf

Contents

1. Introduction 1

2. Heat kernel 2

3. Effective action and vacuum energy 7

4. Localised heat kernel and anomalies 11

5. Conclusions 15

1. Introduction

Noncommutative field theories attract an ever increasing attention of the researches (see the reviews [1 – 3]). Various forms of noncommutativity arise from strings, gravity, deformation quantisation, and quantum Hall effect. Therefore, the possibility that our space-time is a noncommutative one should be taken seriously.

The heat kernel method [4 – 6] is one of the powerful instruments of modern quantum field theory. One considers an operator D which defines the spectrum of quantum fluctuations on a given background. For a bosonic theory, D is typically a second order operator of Laplace type. One defines the heat kernel (or, more precisely, the heat trace) for D as an L_2 trace K(t, D) = Tr_L2 (exp(−tD)) , (1.1)

where t is a spectral parameter. Usually, (see [4 – 6] for more precise statements) the heat trace is well defined for t > 0, and, as t → +0, there is a full asymptotic expansion

K(t, D) ≃ ∞� k=0 t^{(k−n)/2} a_k(D) . (1.2)

On manifolds without boundaries the odd-numbered coefficients vanish, a_{2p+1} = 0, and the even-numbered coefficients can be expressed via integrals over the manifold of local invariants constructed from the symbol of D.

In quantum field theory the coefficients in the expansion (1.2) (called also the heat kernel coefficients) define the one-loop divergences, anomalies, and various expansions of the effective action. In noncommutative theories the heat kernel expansion may be also used to find classical action through the so-called spectral action principle [7].

In the present paper we consider the case when the noncommutativity is defined through the Moyal star product. If the operator D contains left (or right) Moyal multiplications only, the corresponding heat kernel expansion was constructed in [8] on the

– 1 – torus, and in [9] on the plane. Curved space^1 modifications, conformal anomalies, and the Polyakov action were calculated in [12]. In the paper [13] it was noted that if D contains both right and left Moyal multiplications (and if the matrix θ^{μν} , which defines the noncommutativity, is degenerate) the heat kernel expansion contains contributions which are not local even in the generalised noncommutative sense, so that some problems with renormalizability can arise. Since the presence of both left and right Moyal multiplications is required by many physical applications (to the noncommutative ϕ^4 theory, for example), we also consider such operators, but throughout the paper we assume that θ^{μν} is nondegenerate.^2 In the next section we propose a method for calculation of the heat kernel coefficients, and present explicit expressions for several leading terms. We find that there are two types of the coefficients. Leading coefficients are star-local (i.e., they are integrals of star-polynomials of the fields), but there are also rather non-standard non-local contributions, which are similar to the non-planar diagrams. We the help of the heat kernel expansion we construct the large mass expansion of the effective action and of the vacuum energy (section 3). This expansion appears to be a strong noncommutativity expansion (i.e., it is valid for large θ). Axial anomalies are considered in section 4, where we also find an anomaly-free model.

2. Heat kernel

The Moyal product of two functions f and g on R^n can be defined by the equation

f ⋆ g = f(x) exp � i 2 θ^{μν} ←−∂_μ −→∂_ν � g(x) . (2.1)

θ is a constant antisymmetric matrix. In this form the star product has to be applied to plane waves and then extended to all (square integrable) functions by means of the Fourier series. The following properties of the Moyal star product will be used in this paper � d^nx f ⋆ g = � d^nx f · g , � d^nx f ⋆ g ⋆ h = � d^nx h ⋆ f ⋆ g . (2.2)

In this paper we consider the operators which can be represented in the form

D = −(∇^2_μ + E) , (2.3)

where

∇_μ = ∂_μ + L(λ_μ ) + R(ρ_μ ) , (2.4) E = L(l_1) + R(r_1) + L(l_2) ∘ R(r_2) . (2.5)

L and R are operators of left and right Moyal multiplications,

L(l) f = l ⋆ f , R(r) f = f ⋆ r . (2.6)

1From other heat kernel calculations on curved noncommutative spaces if the noncommutativity is realized in a different way we would like to mention the works [10, 11].

2The fact that non-degenracy of θ improves renormalisation was noted in [13]. This analysis was then extended to a position-dependent θ^{μν} in [14].

– 2 –

The operator D we consider in this section acts on scalars. Additional matrix structure does not lead to much complications (see section 4). We use the symbol ∘ for the operator products to distinguish from the star product of functions. We shall, however, omit ∘ at some places if this cannot lead to a confusion. We suppose that all fields λ_μ , ρ_μ , l_{1,2}, r_{1,2} fall off at the infinity faster than any power of a radial coordinate on R^n. The mass dimension of λ_μ , ρ_μ , l_2 and r_2 is one. The fields l_1 and r_1 have mass dimension two.

Consider an L_2 scalar product on the space of functions

(f, g) = � d^nx f^∗(x)g(x) , (2.7)

where f^∗ is a complex conjugate of f. With respect to this product formal adjoints of the multiplication operators read R(r)^† = R(r^∗), L(l)^† = L(l^∗).

There are two independent gauge symmetries of this problem (cf. [15] where this “double gauging” phenomenon was discovered in a different context):

D → L(U^{−1}_L ) ∘ D ∘ L(U_L) , and D → R(U^{−1}_R ) ∘ D ∘ R(U_R) . (2.8)

The fields in the operator D transform according to the following rules

λ_μ → U^{−1}_L ⋆ ∂_μ U_L + U^{−1}_L ⋆ λ_μ ⋆ U_L , l_{1,2} → U^{−1}_L ⋆ l_{1,2} ⋆ U_L , ρ_μ → ∂_μ U_R ⋆ U^{−1}_R + U_R ⋆ ρ_μ ⋆ U^{−1}_R , r_{1,2} → U_R ⋆ r_{1,2} ⋆ U^{−1}_R . (2.9)

The left fields λ_μ , l_1, l_2 (respectively, the right fields ρ_μ , r_1, r_2) are invariant under the transformations parametrised by U_R (respectively, by U_L). By representing U_{L,R} = e^{wL,R} and restricting (2.9) to the linear order in w_{L,R} one obtains an infinitesimal version of the gauge transformations

δλ_μ = ∂_μ w_L + [λ_μ , w_L] , δl_{1,2} = [l_{1,2}, w_L], δρ_μ = ∂_μ w_R + [w_R, ρ_μ ], δr_{1,2} = [w_R, r_{1,2}] . (2.10)

In the exponential and in the commutators all products are the Moyal star products.

The gauge fields, λ_μ and ρ_μ , and the gauge parameters w_{L,R} are typically pure imaginary, so that U^{−1}_{L,R} = U^∗_{L,R}. There are two different field strengths

∇_μ ∘ ∇_ν − ∇_ν ∘ ∇_μ = L(Ω^L_{μν} ) + R(Ω^R_{μν} ) , (2.11)

where

Ω^L_{μν} = ∂_μ λ_ν − ∂_ν λ_μ + [λ_μ , λ_ν ] Ω^R_{μν} = ∂_μ ρ_ν − ∂_ν ρ_μ + [ρ_ν , ρ_μ ] . (2.12)

– 3 –

We also introduce two covariant derivatives

∇^L_μ = ∂_μ + [λ_μ , · ] , ∇^R_μ = ∂_μ + [ · , ρ_μ ] . (2.13)

Let us now evaluate the asymptotic expansion of the trace of heat kernel

K(t, D) = Tr_L2 � e^{−tD} − e^{−tD 0} � . (2.14)

In order to remove a trivial volume divergence of the trace we have subtracted the heat kernel of the “free” operator D_0 = −∂^2_μ . Alternatively, this volume divergence can be regularised by introducing a smearing function under the trace (see section 4). From now on we suppose that the matrix θ^{μν} is non-degenerate. Consequently, the dimension n must be even.

To evaluate the L_2 trace we sandwich the exponentials between plane waves e^{ikx}, integrate over x (to produce diagonal matrix elements of the heat operator), and finally integrate over k (to calculate the trace).

K(t, D) = � d^nx � d^nk (2π)^n e^{−ikx} � e^{−tD} − e^{−tD 0} � e^{ikx} . (2.15)

In order to evaluate the asymptotic expansion of (2.15) at t → +0 one has to extract the factor e^{−tk 2} .

K(t, D) = � d^nx � d^nk (2π)^n e^{−tk 2} ×

× ⟨exp � t � (∇ − ik)^2 + 2ik^μ (∇_μ − ik_μ ) + E � − 1⟩_k , (2.16)

where we defined ⟨F ⟩_k ≡ e^{−ikx} ⋆ F e^{ikx} (2.17)

for any operator F . Next one has to expand the exponential in (2.16) in a power series in E and (∇ − ik). Only a finite number of terms in this expansion contribute to any finite order of t in the t → +0 asymptotic expansion of the heat kernel.

To illustrate the method let us consider the terms which are obtained by expanding the exponential in (2.16) up to the quadratic order in E.

K(t, D)_E2 = � d^nx � d^nk (2π)^n e^{−tk 2} ⟨tE + t^2 2 E^2⟩_k . (2.18)

Equation (2.5) yields

E^2 = R(r_1 ⋆ r_1) + L(l_1 ⋆ l_1) + R(r_2 ⋆ r_2) ∘ L(l_2 ⋆ l_2) + 2R(r_1) ∘ L(l_1) + + R({r_1, r_2}) ∘ L(l_2) + R(r_2) ∘ L({l_1, l_2}) . (2.19)

The terms containing left or right multiplications only can be dealt with easily by using the identities � d^nx⟨R(r)⟩_k = � d^nx r(x) , � d^nx⟨L(l)⟩_k = � d^nx l(x) (2.20)

– 4 – and the integral � d^nk (2π)^n e^{−tk 2} = (4πt)^{−n/2} . (2.21)

The terms containing both left and right multiplications are somewhat more difficult. Consider a typical contribution of that type

T (l, r) = � d^nx � d^nk (2π)^n e^{−tk 2} ⟨L(l) ∘ R(r)⟩_k (2.22)

with some functions r(x) and l(x). Let us expand r(x) and l(x) in the Fourier integrals

r(x) = 1 (2π)^{n/2} � d^nq r(q)e^{iqx} ,

l(x) = 1 (2π)^{n/2} � d^nq^′ l(q^′)e^{iq′x} . (2.23)

Then

⟨L(l) ∘ R(r)⟩_k = 1 (2π)^n � d^nq d^nq^′ r(q)l(q^′)e^{i(q+q′)x}e^{i2 k∧(q−q ′)}e^{− i2 (q′−k)∧(q+k)} , (2.24)

where k ∧ q ≡ θ^{μν} k_μ q_ν . (2.25) Next we substitute (2.24) in (2.22) and integrate over x and q^′ to obtain

T (l, r) = � d^nk d^nq (2π)^n e^{−tk 2} l(−q) r(q)e^{−ik∧q} . (2.26)

To calculate the integral over k we complete the square in the exponential

−tk^2 − ik ∧ q = −t � k_μ + i 2t θ^ν_μ q_ν

�_2 − 1 4t θ^{μμ ′} θ^ν_μ ′ q_μ q_ν . (2.27)

Then equation (2.26) becomes

T (l, r) = � d^nq (4πt)^{n/2} l(−q)r(q) exp � − 1 4t θ^{μμ ′} θ^ν_μ ′ q_μ q_ν � . (2.28)

To evaluate the asymptotic behaviour of (2.28) at t → +0 one has to expand l(−q)r(q) in Taylor series and then perform the gaussian integral over q. First two terms of this expansion read

T (l, r) = (det θ)^{−1} � l(0)r(0) + t � θθ^T

�_{−1} μν ∂^2 ∂q_μ ∂q_ν

(l(−q)r(q))_{q=0} + O(t^2) � . (2.29)

Next one returns to the coordinate representation by using the following formulae

l(0)r(0) = 1 (2π)^n � d^nx l(x) � d^ny r(y) , (2.30)

∂^2 ∂q_μ ∂q_ν

(l(−q)r(q))_{q=0} = 1 (2π)^n � − � d^nx x^μ x^ν l(x) � d^ny r(y) − − � d^nxl(x) � d^ny y^μ y^ν r(y)+ � d^nxx^μ l(x) � d^nyy^ν r(y)+ + � d^nx x^ν l(x) � d^ny y^μ r(y) � . (2.31)

– 5 –

Note that both expressions in (2.30) and (2.31) are invariant under constant shifts of the coordinates x and y, i.e. they do not depend on the point where we put an origin of our coordinate system. The integrals in (2.31) are not gauge invariant. We shall return to this issue later.

By simply collecting the formulae given above one can easily find the contributions of E the heat kernel coefficients up to the E^2 order (cf. (2.18)). All other terms can be treated in a similar way. In general case one can prove the following statements.

(i) There is a power law asymptotic expansion of the heat kernel (1.2). All odd-numbered coefficients a_k with k = 2j + 1 vanish, while the even-numbered coefficients with k = 2j are given by the formula:

a_k(D) = a^L_k (D) + a^R_k (D) + a^{mix}_k (D) . (2.32)

(ii) The coefficients a^L_k (D) (respectively, a^R_k (D)) depend on the left (respectively, right) fields only. They are represented by integral over R^n of gauge-invariant star polynomials. These coefficients have been calculated earlier in [8] (on the noncommutative torus) and in [9] (on the noncommutative plane). First several coefficients read

a^L_2 = (4π)^{−n/2} � d^nxl_1(x) , (2.33)

a^L_4 = (4π)^{−n/2} 1 12 � d^nx � 6l_1 ⋆ l_1 + Ω^{Lμν} ⋆ Ω^L_{μν} � (2.34)

a^L_6 = (4π)^{−n/2} 1 360 � d^nx � 60l_1 ⋆ l_1 ⋆ l_1 + 30l_1 ⋆ ∇^{Lμ} ∇^L_μ l_1 +

+ 30l_1 ⋆ Ω^L_{μν} ⋆ Ω^{Lμν} − 4(∇^L_σ Ω^L_{μν} ) ⋆ (∇^{Lσ} Ω^{Lμν} ) + (2.35)

+ 2(∇^{Lν} Ω^L_{μν} ) ⋆ (∇^L_σ Ω^{Lμσ} ) − 12Ω^L_{μν} ⋆ Ω^{Lν}_σ ⋆ Ω^{Lσμ} � , The coefficients a^R_k are obtained from a^L_k by replacing {l_1, ∇^L, Ω^L} with {r_1, ∇^R, Ω^R} and the reversing the order of all multipliers under the integral^3.

(iii) The mixed coefficients a^{mix}_k (D) vanish for k ≤ n. The first non-zero coefficient is

a^{mix}_{n+2} =

(det θ)^{−1} (2π)^n � � d^nx l_2(x) � d^ny r_2(y) + 2 � d^nx λ^μ (x) � d^ny ρ_μ (y) � . (2.36)

Let λ_μ = ρ_μ = 0. Then the next coefficient reads

a^{mix}_{n+4} =

(det θ)^{−1} (2π)^n � 1 2 � d^nx l^2 � d^ny r^2 + � d^nx l_1 � d^ny r_1 + + � d^nx l_2 � d^ny r_1 ⋆ r_2 + � d^nx l_1 ⋆ l_2 � d^ny r_2 +

+ (θθ^T )^{−1}_{μν} � − � d^nx x^μ ⋆ x^ν ⋆ l_2 � d^ny r_2 −

3This inversion rule follows from the identity R(r) ∘ R(r^′) = R(r^′ ⋆ r). The inversion is partially taken care of by the definitions of the covariant derivatives (2.13) and the field strengths (2.12).

– 6 –

− � d^nx l_2 � d^ny y^μ ⋆ y^ν ⋆ r_2 + (2.37) + 2 � d^nx x^μ l_2 � d^ny y^ν ⋆ r_2) � .

The coefficients (2.33)–(2.36) are gauge invariant. The expression (2.37) is not gauge invariant since we assumed λ_μ = ρ_μ = 0. If the gauge fields are non-zero, the coordinates x^μ and y^μ which appear under the integrals are replaced by the expressions

X^μ = x^μ + iθ^{μσ} λ_σ and Y^μ = y^μ − iθ^{μσ} ρ_σ (2.38)

respectively. These shifted coordinates are gauge covariant, δX^μ = [X^μ , w_L], δY^μ = [w_R, Y^μ ]. Therefore, the gauge invariance of the heat kernel expansion is restored.

Note, that if θ^{μν} is degenerate, mixed contributions to the heat kernel coefficients may appear earlier than in a_{n+2}, which may affect renormalization [13]. In the quantum field theory language, mixed coefficients correspond to non-planar diagrams. We shall discuss these points below.

3. Effective action and vacuum energy

Let us first recall some basic facts regarding the one-loop effective action in quantum field theory. Consider a scalar field ϕ described by a classical action S(ϕ). In the background field formalism one splits ϕ = φ + δϕ, where φ is a background field. The field δϕ describes quantum fluctuations. Then one expands S(ϕ) about the background. The first term, S(φ), simply gives the classical approximation to the effective action. The second term, which is proportional to the first derivative of S(φ) is cancelled by external sources. The quadratic term can be rewritten as

S^{(2)} = � d^nx (δϕ)(D + m^2)(δϕ) , (3.1)

where D is an operator which depends on the background field φ. We have separated explicitly the mass term m^2. The functional integration of exp(−S^{(2)}) defines the one loop effective action W = − ln � D(δϕ)e^{−S (2)} = 1 2 ln det(D + m^2) . (3.2)

This expression is, of course, divergent and has to be regularised. We use the zeta function regularization [16, 17]. The zeta function is defined by the equation

ζ(s, D + m^2) = Tr_L2 � (D + m^2)^{−s} − (D_0 + m^2)^{−s} � , (3.3)

where s is a complex spectral parameter. Again, as in (2.14), we subtracted the zeta function of the free operator D_0 in order to remove a trivial volume divergence.

The regularised effective action reads

W_s = − 1 2 μ̃^{2s}Γ(s)ζ(s, D + m^2) . (3.4)

– 7 –

The regularization is removed in the limit s → 0. μ̃ is a constant of the dimension of mass introduced to keep proper dimension of the effective action. The heat kernel and the zeta function are related by a Mellin transformation. One can rewrite (3.4) as

W_s = − 1 2 μ̃^{2s}

�_∞ 0 dt t^{1−s}

K(t, D)e^{−tm 2} . (3.5)

If m^2 is large enough the integral over t is convergent at the upper limit. There are, however, divergences at the lower limit which are defined by the heat kernel expansion. By substituting (1.2) in (3.5) one obtains

W_s ≃ − 1 2 � μ̃ m �_{2s} � k Γ � s + k − n 2 � m^{n−k} a_k(D) . (3.6)

Let us recall, that the coefficient a_0(D) vanishes because of the subtraction of the volume term, the odd-numbered coefficients a_{2j+1} vanish on manifolds without boundaries in both commutative and non-commutative cases. Consequently, the summation in (3.6) runs over even positive integers, k = 2, 4, . . . We have assumed that n is even. The gamma functions in (3.6) have poles at s = 0 for k ≤ n, and the corresponding terms in the sum define one-loop divergences. According to the results obtained in the previous section the coefficients a_k(D) with k ≤ n are integrals of star-polynomials constructed from fields and their derivatives, i.e. the divergences have a structure typical to the classical actions. One may hope therefore, that the divergences may be absorbed in a redefinition of the coupling constants. Particular normalisation conditions depend, of course, on the model in question. Since the divergent terms are always proportional to non-negative powers of the mass, the scheme based on the subtraction of leading terms in the m → ∞ asymptotics [18] should work anyway, although its physical meaning is not always clear.

With the help of (3.6) one can also evaluate the large mass expansion of the effective action. First several terms in (3.6) are divergent. Therefore, as discussed above, the corresponding terms in the large mass expansion are defined by the renormalization of the classical action on a given background. The terms with k > n are non-divergent. They represent “genuine” quantum corrections to the effective action (since corresponding structures may be absent in the classical action). In these terms we can put s = 0 thus obtaining the following expression

W^{[1/m]} = − 1 2 ∞� p=1 m^{−2p} (p − 1)! a_{2p+n}(D) . (3.7)

In the commutative case, all terms of these expansion are local since the heat kernel coefficients are local. This property is clearly lost in the noncommutative case.

As an example, let us consider a real scalar field ϕ in four dimensions with the classical action^4 S = � d^4x � 1 2 (∂_μ ϕ)^2 + 1 2 m^2ϕ^2 + g 24 ϕ ⋆ ϕ ⋆ ϕ ⋆ ϕ � , (3.8)

4Sometimes the ϕ^4 action on noncommutative plane is modified by an external oscillator potential [19].

– 8 – where g is a coupling constant. By expanding this action around a background field φ and keeping the terms which are quadratic in the fluctuations δϕ only one arrives at (3.1) with (cf. [13]) D = −∂^2_μ + g 6 [R(φ ⋆ φ) + L(φ ⋆ φ) + L(φ) ∘ R(φ)] . (3.9)

This operator corresponds to the following choice in (2.3)–(2.5)

λ_μ = ρ_μ = 0 , l_1 = r_1 = − g 6 φ ⋆ φ , l_2 = −r_2 = � g 6 φ . (3.10)

The terms with k = 2, 4 in (3.6) are divergent. Near s = 0 they read

W^{div} = − 1 2 � − 1 s + γ_E − 1 − ln � μ̃^2 m^2 � m^2a_2 + � 1 s − γ_E + ln � μ̃^2 m^2 � a_4 � + O(s) , (3.11) where

a_2 = − g 24π^2 � d^4x φ^2 ,

a_4 = 1 16π^2 g^2 36 � d^4x φ ⋆ φ ⋆ φ ⋆ φ . (3.12)

We see now that the divergences in (3.11) can indeed be absorbed in redefinitions of the mass and of the coupling constant in the classical action (3.8) (which is very well known).

By substituting (3.10) in (2.35)–(2.37) and then in (3.7) one obtains

W^{[1/m]} = − 1 32π^2 g^2 648m^2 � d^4x � −gφ^6_⋆ + 3φ^2_⋆∂^2_μ φ^2_⋆ � + + (det θ)^{−1} (2π)^4m^2 � g 12 � � d^4x φ

�_2 − g^2 48m^2 � � d^4x φ^2

�_2 − − g^2 36m^2 � d^4x φ � d^4y φ^3_⋆ − g 6m^2

(θθ^T )^{−1}_{μν} × (3.13) × � � d^4xx^μ ⋆ x^ν ⋆ φ � d^4yφ− � d^4x x^μ ⋆ φ � d^4yy^ν ⋆ φ � + · · · ,

where φ^k_⋆ is the kth star-power of φ. E.g., φ^3_⋆ ≡ φ ⋆ φ ⋆ φ.

As in the commutative case, this expansion is valid if the fields and their derivatives are small compare to the mass. In the noncommutative case θ^{μν} appears in the denominator, so one should also assume that θ^{−1} is small in a natural scale defined by the mass. Therefore, we have constructed a strong coupling expansion with respect to the noncommutativity parameter. Consequently, there is no smooth transition to the case of a degenerate θ^{μν} .

With the same technical tools we can also evaluate the vacuum (Casimir) energies^5 of static n+1 dimensional systems. We still assume that n is even, that the noncommutativity is confined to n spatial dimensions, and that θ is a non-degenerate n × n matrix. In the zeta-function regularization the ground state energy is defined as

E_s = 1 2 μ^{2s} � p ε^{1−2s}_p , (3.14)

5For a recent review on the Casimir energy see [20]. Here we follow ref. [21].

– 9 – where ε_p are eigenfrequencies of elementary excitations defined as square root of eigenvalues of the hamiltonian H = D + m^2 . (3.15) Formally taking s = 0 in (3.14) yields just a sum of zero point energies of elementary oscillators. We rewrite eq. (3.14) through the zeta function of H,

E_s = 1 2 μ^{2s}ζ � s − 1 2 , H � . (3.16)

The zeta function can be expressed in terms of the heat kernel ζ � s − 1 2 , H � = 1 Γ � s −^1_2 � �_∞ 0 dt t^{s−3/2} K(t, D)e^{−tm 2} . (3.17)

We assume that the operator D is as in section 2, so that the expansion (1.2) with integer powers of t exists. Then (3.17) is finite at s = 0 and a large mass expansion of the vacuum energy exists without any infinite renormalization of the couplings^6

E^{[1/m]} = − 1 4 √ π ∞� p=1 a_{2p}(D) m^{n+1−2p} Γ � p − n + 1 2 � . (3.18)

As an example we consider a model in 2+1 dimensions (n = 2). In this case, θ^{ij} = Θϵ^{ij}, where θ is a constant and ϵ^{ij} is the Levi-Civita tensor. i, j = 1, 2 are the space-like indices. Again we consider the ϕ^4 theory, so that the operator is given by eq. (3.9) with μ, ν replaced by the two-dimensional indices i, j.

E^{[1/m]} = − gm 24π � d^2x φ^2 − g^2 576πm � d^2x φ^4_⋆ + g 96π^2m

Θ^{−2} � d^2x φ

�_2

+ · · · . (3.19)

This expansion is valid if φ, its derivatives, and 1/Θ are small compared to the mass. It would be interesting to apply this expansion to quantum corrections to noncommutative solitons. In the commutative case the heat kernel methods give rapidly convergent series for the mass shift even if there is no explicitly small parameter in the model [22]. For supersymmetric solitons the heat kernel methods can even give exact results for the mass shift [23], but they require supersymmetric boundary conditions on quantum fluctuations.

The very appearance of mixed terms in the heat kernel expansion and of the corresponding terms in the effective action is a consequence of qualitatively different behaviour of planar and non-planar diagrams in noncommutative theories and of the UV/IR (ultraviolet/infrared) mixing phenomenon [24 – 26]. There are some similarities between general structure of the mixed heat kernel coefficients and that of non-planar diagrams. The heat kernel expansion provides a systematic (and relatively simple) way to construct a large m and strong noncommutativity expansion of the one-loop effective action.^7 It is essential here that the space has a trivial topology. For a non-trivial topology many interesting effects may occur [28].

6This property always holds in commutative zeta-regularised theories in odd dimensions. In the noncommutative case it is essential that θ is non-degenerate. Note that in both commutative and noncommutative cases a finite renormalization of couplings may occur.

7A diagrammatic approach to the effective action in the noncommuative ϕ^4 theory can be found in [27].

– 10 –

4. Localised heat kernel and anomalies Let us consider a classical action for the Dirac spinors on the Moyal plane

S_ψ = � d^nx ψ̄ ⋆ D̸ψ , (4.1)

where, in the euclidean space, ψ̄ = ψ^†. We choose the Dirac operator in the form

D̸ = iγ^μ � ∂_μ + iL(V^L_μ ) + iR(V^R_μ ) + γ_5L(A^L_μ ) + γ_5R(A^R_μ ) � . (4.2)

The Dirac gamma matrices satisfy the Clifford relation γ^μ γ^ν +γ^ν γ^μ = 2δ^{μν} . Independently of the dimension n the chirality matrix is denoted by γ_5, and γ^μ γ_5 = −γ_5γ^μ , γ^†_5 = γ_5, γ^2_5 = 1.

The classical action (4.1) is invariant under a two parameter family of infinitesimal gauge transformations

δ_wψ = iw_L ⋆ ψ + iψ ⋆ w_R , δ_wψ̄ = −i ψ̄ ⋆ w_L − iw_R ⋆ ψ̄ , δ_wV^L_μ = −∂_μ w_L − i[V^L_μ , w_L] , δ_wV^R_μ = −∂_μ w_R + i[V^R_μ , w_R] , δ_wA^L_μ = −i[A^L_μ , w_L] , δ_wA^R_μ = i[A^R_μ , w_R] (4.3)

and under a two-parameter family of infinitesimal axial gauge transformations

δ_σ ψ = σ_L ⋆ γ_5ψ + γ_5ψ ⋆ σ_R , δ_σ ψ̄ = σ_R ⋆ ψ̄γ_5 + ψ̄γ_5 ⋆ σ_L , δ_σ V^L_μ = i[A^L_μ , σ_L] , δ_σ V^R_μ = −i[A^R_μ , σ_R] , δ_σ A^L_μ = −∂_μ σ_L − i[V^L_μ , σ_L] , (4.4) δ_σ A^R_μ = −∂_μ σ_R + i[V^R_μ , σ_R] .

Here we assume that V^{L,R}_μ , A^{L,R}_μ , w_{L,R} and σ_{L,R} are real. This explains some extra factors of i as compared to section 2.

Now we like to define which of the symmetries (4.3) and (4.4) are anomalous and calculate corresponding anomalies. After integrating out the fermions one arrives at the effective action W^{[f]} = − ln det D̸ = − 1 2 ln det D̸^2 . (4.5) Again we use the zeta-function methods to regularise the determinant (4.5). We write the regularised effective action as (cf. (3.4))

W^{[f]}_s = 1 2 μ̃^2Γ(s)ζ(s, D̸^2) . (4.6)

Up to a certain point the calculation of the anomaly in the zeta-function regularization goes precisely the same way as in the commutative case [29 – 31]. After subtracting the pole at s = 0 the effective action becomes

W^{[f]} = 1 2 ζ(0, D̸^2)^′ + 1 2 ln(μ^2)ζ(0, D̸^2) , (4.7)

– 11 – where prime denotes differentiation with respect to s. The renormalization ambiguity resides now in the constant μ^2, which has to be determined through a normalisation condition.

The variation of the zeta function induced by any variation of the external fields V^{L,R}_μ , A^{L,R}_μ in D̸ is δζ(s, D̸^2) = −2sTr � (δD̸)D̸D̸^{2(−s−1)} � . (4.8)

The variation of the Dirac operator under the gauge transformations (4.3) reads

δ_wD̸ = −i[D̸, L(w_L) + R(w_R)] . (4.9)

The substitution of (4.9) in (4.8) yields δ_wζ(s, D̸^2) = 0 (where we used cyclic symmetry of the trace). Consequently, δ_wW^{[f]} = 0. We conclude that the zeta-function regularization preserves gauge symmetries.

For the axial gauge transformations (4.4) we have

δ_σ D̸ = −{D̸, γ_5(L(σ_L) + R(σ_R))} (4.10)

so that the variation of the zeta function reads

δ_σ ζ(s, D̸^2) = 4sTr � γ_5(L(σ_L) + R(σ_R))D̸^{−2s} � ≡ 4sζ � γ_5(L(σ_L) + R(σ_R)), s, D̸^2 � , (4.11)

where we defined a smeared (or localised) zeta function

ζ(F, s, D) ≡ Tr � F D^{−s} � . (4.12)

In a similar way also a smeared heat kernel can be defined

K(F, t, D) ≡ Tr � F e^{−tD} � . (4.13)

We assume that F is a zeroth order operator (i.e., it contains multiplication, but no explicit partial derivatives). As we will see below, there is an asymptotic expansion as in the unsmeared case K(F, t, D) ≃ ∞� k=0 t^{(k−n)/2} a_k(F, D) . (4.14)

There is no need to subtract from the smeared heat kernel the contribution of the “free” operator (cf. (2.14)) since the volume divergences can be removed if the smearing functions σ_L and σ_R fall off sufficiently fast at the infinity. Moreover, in the present case Tr � γ_5(L(σ_L) + R(σ_R))e^{−tD 0} � = 0 because of the presence of γ_5 under the trace.

The heat kernel and the zeta function are related through the Mellin transform. In particular, a_k(F, D) = Res_{s=(n−k)/2} (Γ(s)ζ(F, s, D)) (4.15)

and a_n = ζ(F, 0, D).

Finally one arrives at the following expression for the axial anomaly

A_σ ≡ δ_σ W^{[f]} = 2a_n � γ_5(L(σ_L) + R(σ_R))D̸^2 � . (4.16)

– 12 –

The Fujikawa approach [32] and the finite-mode regularization method [33] give a similar expression for the anomaly (up to some peculiarities arising from the presence of a dimensional regularization parameter in that schemes).

The square of the Dirac operator can be represented in a form similar to (2.3):

D̸^2 = −((∂_μ + ω_μ )^2 + E) , (4.17)

where

ω_μ = iL(V^L_μ ) + iR(V^R_μ ) + 1 2 [γ^μ , γ^ν ]γ_5 � L(A^L_ν ) + R(A^R_ν ) � , (4.18) E = i 4 [γ^μ , γ^ν ] � L(V^L_{μν} ) + R(V^R_{μν} ) � + γ_5 � L(∇^{μL} A^L_μ ) + R(∇^{μR} A^R_μ ) � + + (n − 2) � L(A^{μL} ⋆ A^L_μ ) + R(A^{μR} ⋆ A^R_μ ) + 2L(A^L_μ ) ∘ R(A^{μR} ) � + + 1 4 (n − 3)[γ^μ , γ^ν ] � L([A^L_μ , A^L_ν ]) + R([A^R_ν , A^R_μ ]) � . (4.19)

We have defined

V^L_{μν} = ∂_μ V^L_ν − ∂_ν V^L_μ + i � V^L_μ , V^L_ν � , V^R_{μν} = ∂_μ V^R_ν − ∂_ν V^R_μ + i � V^R_ν , V^R_μ � , ∇^L_μ A^L_ν = ∂_μ A^L_ν + i � V^L_μ , A^L_ν � , ∇^R_μ A^R_ν = ∂_μ A^R_ν − i � V^R_μ , A^R_ν � . (4.20) Now we are ready to calculate the heat kernel coefficient in (4.16). There are two differences to the case considered in section 2: both ω_μ and E are matrix-valued, and the heat kernel is smeared with a zeroth order operator. An extension to a matrix valued D goes almost without an effort. All steps go through, but one has to replace λ_μ , ρ_μ , l_{1,3} and r_{1,2} by the matrices which follow from (4.18) and (4.19). Because of the matrix structure, the terms with right multiplications do not commute any more with the terms with left multiplications, but this effect is important in “mixed” coefficients only. The smearing operator will appear linearly in all expressions, and one should not forget to take a trace over the spinor indices. For example, the E-terms in the heat kernel (cf. (2.18 in the unsmeared case) up to the quadratic order in E read

K(F, t, D)_E2 = � d^nx � d^nk (2π)^n e^{−tk 2} tr � F � 1 + tE + t^2 2 E^2 � k , (4.21)

where tr is the γ-matrix trace. For n = 2 and n = 4 one can calculate the anomaly by expanding the exponents, as we have outlines in section 2 above. This way is the easiest one from the conceptual point of view, but it is also rather lengthy. More experienced readers can choose a different way based on functorial properties of the heat kernel (some useful tools can be found in [34]). First one proves that the coefficient a_n(F, D) does not contain mixed contributions as in the unsmeared case, then one classifies the invariants of proper dimension which may appear in a_n(F, D). The numerical coefficients in front of these invariants are then defined by comparing to the results for noncommutative heat kernel [8] and for the commutative axial anomaly [33]. Both methods, of course, give identical results.

– 13 –

In two dimensions the anomaly reads

A_σ = − i π � d^2x � σ_L ⋆ � 1 2 ϵ^{μν} (iV^L_{μν} − [A^L_μ , A^L_ν ]) + i∇^L_μ A^{Lμ} � + + σ_R ⋆ � 1 2 ϵ^{μν} (iV^R_{μν} + [A^R_μ , A^R_ν ]) + i∇^R_μ A^{Rμ} � . (4.22)

This result is consistent with earlier calculations [35, 36] performed in the models either without V^R_μ [35], or when V^R_μ and V^L_μ act on different field components [36].

In four dimensions, it is useful to split the anomaly in four contributions

A_σ = A^+_{σ L} + A^−_{σ L} + A^+_{σ R} + A^−_{σ R} , (4.23)

A^+_{σ L} = −i 24π^2 � d^4xσ_L ⋆ � −4[∇^L_μ V^{Lμν} , A^L_ν ] + 2[∇^L_μ A^L_ν , V^{Lμν} ] + 2i∇^L_μ ∇^{Lμ} ∇^L_ν A^{Lν} +

+ 4i{{∇^L_μ A^L_ν , A^{Lν} }, A^{Lμ} } + 2i{∇^L_μ A^{Lμ} , A^L_ν ⋆ A^{Lν} } +

+ 4iA^L_μ ⋆ (∇^L_ν A^{Lν} ) ⋆ A^{Lμ} + i[[A^L_μ , A^L_ν ], A^{Lμν} ] � (4.24)

A^−_{σ L} = −i 48π^2 � d^4xσ_L ⋆ ϵ^{μνρσ} � 3iV^L_{μν} ⋆ V^L_{ρσ} − iA^L_{μν} ⋆ A^L_{ρσ}

− 2(V^L_{μν} ⋆ A^L_ρ ⋆ A^L_σ + A^L_μ ⋆ A^L_ν ⋆ V^L_{ρσ} ) − 8A^L_μ ⋆ V^L_{νρ} ⋆ A^L_σ +

+ 4iA^L_μ ⋆ A^L_ν ⋆ A^L_ρ ⋆ A^L_σ � , (4.25)

where A^L_{μν} = ∇^L_μ A^L_ν − ∇^L_ν A^L_μ .

Due to the identity (cf. [33] for the commutative case)

A^+_{σ L} = 1 48π^2 δ_{σ L} � d^4x � −V^L_{μν} ⋆ V^{Lμν} − 2(∇^L_μ A^{Lμ} ) ⋆ (∇^L_ν A^{Lν} ) − 4iA^L_μ ⋆ A^L_ν ⋆ V^{Lμν} −

− 2A^L_μ ⋆ A^L_ν ⋆ A^{Lμ} ⋆ A^{Lν} + 6A^L_μ ⋆ A^{Lμ} ⋆ A^L_ν ⋆ A^{Lν} �

the part A^+_{σ L} can be cancelled by a star-local counterterm. The other part, A^−_{σ L} , cannot be cancelled by a counterterm. This part is called the topological part of the anomaly. It is scheme-independent, and plays a more important role than A^+_{σ L} . Below we discuss the topological part only.

The anomaly related to the σ_R transformations can be obtained by applying the same rule as in section 2: one has to take (4.24) and (4.25), replace L by R everywhere, and invert the order of all multipliers. The topological part of the anomaly reads

A^−_{σ R} = −i 48π^2 � d^4xσ_R ⋆ ϵ^{μνρσ} � 3iV^R_{μν} ⋆ V^R_{ρσ} − iA^R_{μν} ⋆ A^R_{ρσ} +

+ 2(V^R_{μν} ⋆ A^R_ρ ⋆ A^R_σ + A^R_μ ⋆ A^R_ν ⋆ V^R_{ρσ} ) + 8A^R_μ ⋆ V^R_{νρ} ⋆ A^R_σ +

+ 4iA^R_μ ⋆ A^R_ν ⋆ A^R_ρ ⋆ A^R_σ � . (4.26)

– 14 –

Again our results agree with previous calculations of the abelian anomalies without V^R-fields and axial vector fields [37 – 40]. We also like to mention a couple of recent publications which discuss the Fujikawa approach [41] and the operator approach [42] to the anomalies. Chiral anomaly on the noncommutative torus was calculated in [43].

If θ^{μν} is degenerate, the heat kernel coefficient a_n can contain mixed contributions. Consequently, non-planar contributions to the anomaly appear [40].

We conclude this section by constructing a model in four dimensions which has zero axial anomaly. Let us consider the action (4.1) where we choose

A^L_μ = −A^R_μ ≡ A_μ , V^L_μ = −V^R_μ ≡ V_μ . (4.27)

Then also V^L_{μν} = −V^R_{μν} , A^L_{μν} = −A^R_{μν} , etc. This model has a trivial commutative limit. The relations (4.27) are preserved by gauge and axial gauge symmetries with the parameters restricted according to the relation

w_L = −w_R , σ_L = −σ_R . (4.28)

Obviously, the (topological part of the) anomaly is automatically zero:

A^−_{σ L} + A^−_{σ R} = 0 . (4.29)

Cancellations of gauge anomalies in noncommutative theories were discussed, e.g., in [44].

5. Conclusions

In this paper we constructed the heat kernel expansion for the operators which contain both left and right Moyal multiplications. We found two types of the terms. The terms of the first type are star-local and depend either on right or on left fields. The other terms are non-local, and they contain mixtures of left and right fields. Next we applied our results to the ϕ^4 theory and constructed a large mass and strong noncommutativity expansion of the effective action and of the vacuum energy. Then we calculated the axial anomaly, which do not contain mixed (non-planar) contributions and, in fact, looks rather standard. We also found a model where the topological part of the axial anomaly is identically zero.

Our work extends considerably the class of the operators on noncommutative spaces for which the heat kernel expansion is known. Possible applications of the results are not exhausted the the examples given above. It would be interesting to consider the consequences for the spectral action principle and to calculate quantum corrections to noncommutative instantons and solitons. As a more formal development one can consider a degenerate noncommutativity parameter (cf. [13]). In this case, some non-planar contributions to the anomalies should appear leading interesting physical consequences (cf. the discussion in [45, 40, 46]).

Acknowledgments

I am grateful to Peter Gilkey for helpful remarks. This work was supported in part by the DFG project BO 1112/12-2.

– 15 –

References

[1] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[2] R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207 [hep-th/0109162].

[3] F.A. Schaposnik, Three lectures on noncommutative field theories, hep-th/0408132.

[4] D.V. Vassilevich, Heat kernel expansion: user’s manual, Phys. Rept. 388 (2003) 279 [hep-th/0306138].

[5] P.B. Gilkey, Asymptotic formulae in spectral geometry, Chapman & Hall/CRC, Boca Raton, FL, 2004.

[6] K. Kirsten, Spectral functions in mathematics and physics, Chapman & Hall/CRC, Boca Raton, FL, 2001.

[7] A.H. Chamseddine and A. Connes, The spectral action principle, Commun. Math. Phys. 186 (1997) 731 [hep-th/9606001].

[8] D.V. Vassilevich, Non-commutative heat kernel, Lett. Math. Phys. 67 (2004) 185 [hep-th/0310144].

[9] V. Gayral and B. Iochum, The spectral action for Moyal planes, J. Math. Phys. 46 (2005) 043503 [hep-th/0402147].

[10] I.G. Avramidi, Gauged gravity via spectral asymptotics of non-Laplace type operators, JHEP 07 (2004) 030 [hep-th/0406026].

[11] N. Sasakura, Heat kernel coefficients for compact fuzzy spaces, JHEP 12 (2004) 009 [hep-th/0411029]; Effective local geometric quantities in fuzzy spaces from heat kernel expansions, JHEP 03 (2005) 015 [hep-th/0502129].

[12] D.V. Vassilevich, Quantum noncommutative gravity in two dimensions, Nucl. Phys. B 715 (2005) 695 [hep-th/0406163].

[13] V. Gayral, J.M. Gracia-Bondia and F.R. Ruiz, Trouble with space-like noncommutative field theory, Phys. Lett. B 610 (2005) 141 [hep-th/0412235].

[14] V. Gayral, J.M. Gracia-Bondia and F. Ruiz Ruiz, Position-dependent noncommutative products: classical construction and field theory, hep-th/0504022.

[15] Y. Liao and K. Sibold, On double gauging of U(1) symmetry on noncommutative space, Phys.

Lett. B 586 (2004) 420 [hep-th/0401105].

[16] J.S. Dowker and R. Critchley, Effective lagrangian and energy momentum tensor in de Sitter space, Phys. Rev. D 13 (1976) 3224;

S.W. Hawking, Zeta function regularization of path integrals in curved space-time, Commun. Math. Phys. 55 (1977) 133.

[17] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, Zeta regularization techniques with applications, World Scientific, Singapore, 1994.

[18] M. Bordag, K. Kirsten and D. Vassilevich, On the ground state energy for a penetrable sphere and for a dielectric ball, Phys. Rev. D 59 (1999) 085011 [hep-th/9811015].

– 16 –

[19] H. Grosse and R. Wulkenhaar, Renormalisation of ϕ^4 theory on noncommutative R^2 in the matrix base, JHEP 12 (2003) 019 [hep-th/0307017].

[20] M. Bordag, U. Mohideen and V.M. Mostepanenko, New developments in the Casimir effect, Phys. Rept. 353 (2001) 1 [quant-ph/0106045].

[21] M. Bordag and D.V. Vassilevich, Nonsmooth backgrounds in quantum field theory, Phys. Rev.

D 70 (2004) 045003 [hep-th/0404069].

[22] A. Alonso Izquierdo, W. Garcia Fuertes, M. de la Torre Mayado and J. Mateos Guilarte, Quantum corrections to the mass of self-dual vortices, Phys. Rev. D 70 (2004) 061702 [hep-th/0406129]; Quantum oscillations of self-dual Abrikosov-Nielsen-Olesen vortices, Phys. Rev. D 71 (2005) 125010 [hep-th/0504143].

[23] M. Bordag, A.S. Goldhaber, P. van Nieuwenhuizen and D. Vassilevich, Heat kernels and zeta-function regularization for the mass of the SUSY kink, Phys. Rev. D 66 (2002) 125014 [hep-th/0203066];

D.V. Vassilevich, Quantum corrections to the mass of the supersymmetric vortex, Phys. Rev. D 68 (2003) 045005 [hep-th/0304267].

[24] I. Chepelev and R. Roiban, Renormalization of quantum field theories on noncommutative R^d, I. Scalars, JHEP 05 (2000) 037 [hep-th/9911098].

[25] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, JHEP 02 (2000) 020 [hep-th/9912072].

[26] I.Y. Aref’eva, D.M. Belov and A.S. Koshelev, Two-loop diagrams in noncommutative ϕ^4(4) theory, Phys. Lett. B 476 (2000) 431 [hep-th/9912075].

[27] A. Micu and M.M. Sheikh Jabbari, Noncommutative ϕ^4 theory at two loops, JHEP 01 (2001) 025 [hep-th/0008057].

[28] M. Chaichian, A. Demichev, P. Prešnajder, M.M. Sheikh-Jabbari and A. Tureanu, Quantum theories on noncommutative spaces with nontrivial topology: Aharonov-Bohm and Casimir effects, Nucl. Phys. B 611 (2001) 383 [hep-th/0101209].

[29] A.P. Balachandran, G. Marmo, V.P. Nair and C.G. Trahern, A nonperturbative proof of the nonabelian anomalies, Phys. Rev. D 25 (1982) 2713.

[30] S. Blau, M. Visser and A. Wipf, Determinants, Dirac operators and one loop physics, Int. J.

Mod. Phys. A 4 (1989) 1467;

A. Wipf and S. Durr, Gauge theories in a bag, Nucl. Phys. B 443 (1995) 201 [hep-th/9412018].

[31] V.N. Marachevsky and D.V. Vassilevich, Chiral anomaly for local boundary conditions, Nucl.

Phys. B 677 (2004) 535 [hep-th/0309019].

[32] K. Fujikawa, Path integral measure for gauge invariant fermion theories, Phys. Rev. Lett. 42 (1979) 1195.

[33] A.A. Andrianov and L. Bonora, Finite-mode regularization of the fermion functional integral, Nucl. Phys. B 233 (1984) 232.

[34] T.P. Branson, P.B. Gilkey and D.V. Vassilevich, Vacuum expectation value asymptotics for second order differential operators on manifolds with boundary, J. Math. Phys. 39 (1998) 1040 [hep-th/9702178].

– 17 –

[35] E.F. Moreno and F.A. Schaposnik, Wess-Zumino-Witten and fermion models in noncommutative space, Nucl. Phys. B 596 (2001) 439 [hep-th/0008118].

[36] H. Blas, Bosonized noncommutative bi-fundamental fermion and s-duality, JHEP 06 (2005) 022 [hep-th/0504140].

[37] F. Ardalan and N. Sadooghi, Axial anomaly in non-commutative qed on R^4, Int. J. Mod.

Phys. A 16 (2001) 3151 [hep-th/0002143].

[38] J.M. Gracia-Bondia and C.P. Martin, Chiral gauge anomalies on noncommutative R^4, Phys.

Lett. B 479 (2000) 321 [hep-th/0002171].

[39] R. Banerjee and S. Ghosh, Seiberg Witten map and the axial anomaly in noncommutative field theory, Phys. Lett. B 533 (2002) 162 [hep-th/0110177].

[40] A. Armoni, E. Lopez and S. Theisen, Nonplanar anomalies in noncommutative theories and the Green-Schwarz mechanism, JHEP 06 (2002) 050 [hep-th/0203165].

[41] C.P. Martin and C. Tamarit, Noncommutative SU(N) theories, the axial anomaly, Fujikawa’s method and the Atiyah-Singer index, Phys. Lett. B 620 (2005) 187 [hep-th/0504171].

[42] R. Banerjee and K. Kumar, Commutator anomalies in noncommutative electrodynamics,

hep-th/0505245.

[43] S. Iso and K. Nagao, Chiral anomaly and Ginsparg-Wilson relation on the noncommutative torus, Prog. Theor. Phys. 109 (2003) 1017 [hep-th/0212284].

[44] K.A. Intriligator and J. Kumar, *-wars episode I. The phantom anomaly, Nucl. Phys. B 620 (2002) 315 [hep-th/0107199].

[45] F. Ardalan and N. Sadooghi, Anomaly and nonplanar diagrams in noncommutative gauge theories, Int. J. Mod. Phys. A 17 (2002) 123 [hep-th/0009233].

[46] T. Nakajima, Nonplanar anomalies in noncommutative gauge theories with adjoint matter fields, Phys. Rev. D 68 (2003) 065014.

– 18 –